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INTRODUCTION
The topic of this paper concerns performance evaluation of data-intensive systems in the presence of job size estimation errors. It is known that celebrated size-based scheduling policies which allow one to increase system's performance by changing the service policy start to perform poor (compared to size-oblivious policies like Processor sharing) as the uncertainty about the job size distribution increases (see Lu et al. (2004) ). Since the inaccuracy in job size information is reported to be quite a common issue in practice (see Dell'Amico (2013) ; Dell'Amico et al. (2015) ; Wierman (2008) ) there appeared a number of research papers appeared that focused on the behaviour of size-based scheduling policies with inaccurate size estimations. To our knowledge one can find in Dell' Amico et al. (2015) ; Wierman (2008) ; Harchol-Balter et al. (2003) ; Chang et al. (2011) the most recent results on this topic (including short reviews).
An important question which is being faced in systems with inaccurate job size information is whether it is possible to devise a scheduler which performs as good as the scheduler fed with the accurate information. A number of studies show, that sometimes it is possible (Dell'Amico et al. (2015) ). In this paper we try to look at the performance of such systems from a different point of view and raise another question. We start with an example. Assume that one has a simulation or a physical copy of the data-intensive system. Each job is admitted into the system and after being served departs from it, and never comes back. In practice this system will be fed for a long time with the flow of jobs of random size s, exact distribution of which is unknown to the system but is known to be long-tailed. Denote the mean sojourn time which will be seen in the future by v * . Before launching the system the owner is interested in job's mean sojourn time which can be guaranteed by the system. In order to find it out one can run simulation experiments with one (or more) scheduler and some job's traces which contain user's estimated job's sizes which we denote byŝ. Denote by v the estimated mean sojourn time. Clearly v is only the estimate for the unknown value v * . The questions are: (i) is it possible to improve the estimate v by using only the available information about the distribution ofŝ and having control over the scheduler? (ii) if it is possible then what is the quality of the estimate? In this paper one shows that in some cases (when the distribution ofŝ is long-tailed) the answer to the question (i) is positive. The quality of estimate is investigated numerically.
As the answer to the question (i) may depend on many technical aspects related to real-life systems we will restrict ourselves to a probably the most simple case: a system is modelled by a single-server queue of M/G/1 type. An extent to which such assumption is an oversimplification of the real-life systems can be seen, for example, from papers Lu et al. (2004) ; Qiao et al. (2004) ; Dell'Amico et al. (2015) where it was used to evaluate size-based scheduling policies with inaccurate job size information. Coming back to the question (i), we suggest to use a special service policy which utilizes the assumption 1 that job's true service time distribution is long-tailed. The idea of the policy is the following. Suppose that upon each arrival of a job the processing of current running job is interrupted and one re-generates the service time of both customers (depending on their current service times and according to the distribution ofŝ) and then the service is resumed with the new service time and the arrived customer occupies one place in the queue. A number of questions arise here. Will such service policy lead to a better estimate of v, than the ordinary work conserving policy like processor sharing? If yes then under what conditions? One can expect this policy to be efficient sometimes because long-tailed distributions "tend" to have decreasing hazard rates and increasing mean residual lives. As the numerical experiments show this is really so.
In this paper we propose a simple mathematical model, which is a top level view of a data-intensive execution engine and thus does not take into consideration most of its technical details. Specifically one considers an execution engine as an M/G/1 queueing system, with an infinite queue, a single flow of jobs, i.i.d. execution (service) times and pre-emptive last come first served discipline which allows service time re-generation on arrival instants. The comments to assumptions allowing one to take such a simplified view can be found in papers Dell'Amico (2013); Dell 'Amico et al. (2015) , devoted to the design of the new scheduler for Handoop execution engine for data-intensive systems. At first we present some analytical results concerning the analysis of system's stationary characteristics, concentrating on sojourn time distribution. These results heavily rely on Meykhanadzhyan et al. (2014) and thus are presented in short. Then we show that if the service time distribution is long-tailed (either s orŝ) PLCFS-re policy allows one to obtain upper bounds for the true value v * , which can be much better than the values obtained using common work conserving disciplines. The comparison is done with classic size-based and size-oblivious service policies, which use the inaccurate job size information for scheduling.
In the next section the detailed description of the mathematical model is presented, which is followed by some results concerning the system's stationary performance characteristics. Section 3 is devoted to numerical results. In the conclusion one discusses in short the obtained results and directions of further research.
MATHEMATICAL MODEL
Consideration is given to a queueing system with one queue on infinite capacity, one server and Poisson arrival flow of rate λ. Service times of customers are i.i.d. ran-dom variables with known cumulative distribution function B(x) and density b(x) = B (x). We assume that the customer's service time becomes known upon its arrival at the system and at any time instant the service time (remaining service time) of each customer in the system (both in the server and in the queue) is known. Newly arriving customers and those which are in the queue obey the special service policy which we will call PreemptiveLast-Come-First-Served with re-service (PLCFS-Re). It implies the following service rule. When a customer arrives at the system it interrupts the service process of the customer in server (if any) and compares its service time u with the (remaining) service time v of the customer in server. Then the arrived customer receives new service time U and the customer in service receives new service time V according to the known distribution
which can depend on u and v. After that the service of the customer in server is resumed with the updated service time V and the arrived customer updates its service time with U and occupies the last place in the queue. When the service time of a customer in service becomes zero it leaves the system and one customer from the last place in the queue enters server. For the sake of convenience it is assumed that the density d(x, y|u, v) = ∂ 2 D(x, y|u, v)/(∂x ∂y) is continuous and bounded. Note that for each u and v the following identity holds:
Let the stationary regime of the system exist. The main performance characteristic under study in this paper is the system's stationary mean sojourn time. Denote by β(s) the Laplace-Stieltjes transform (LST) of B(x) i.e.
the new service times of the arriving customer and the customer in server are chosen (upon arrival) independently of their previous service times u and v the stationary regime (and the mean sojourn time) exists if and only if the inequalities 1/2 < β(λ) < 1 hold.
Stationary probabilities
Denote by ν(t) the number of customers in the system at instant t, and by ξ(t) = (ξ 1 (t), . . . , ξ ν(t) (t)) -the row vector, in which ξ 1 (t) is the (remaining) service time of the customer in server, ξ 2 (t) -the service time of the 1 st customer in the queue, . . . , ξ ν(t)−1 (t) -the service time of the last, (ν(t) − 1), customer in the queue. If ν(t) = 0 the vector ξ(t) is not defined. Then the process η(t) = (ν(t), ξ(t)) describing the evolution of the number of customers in the system is a continuous-time Markov chain.
Let us introduce the stationary distribution of the chain η(t):
From the system's description and introduced assumptions it can be shown that density functions
are continuous and bounded. Using the properties of the restricted Markov chains and the properties of the PLCFS-Re service policy one can write out the system of integro-differential equations for the stationary density functions p n (x 1 , . . . , x n ). The details of this approach can be found in Meykhanadzhyan et al. (2014) . But in order to compute the mean sojourn time it is enough to find the marginal density functions p 1 (x) and
which take intro consideration only the number of customers in the system and the remaining service time of the customer in server. Referring again to the approach in Meykhanadzhyan et al. (2014) , one can obtain the following system of integro-differential equations for the functions p n (x):
where
The initial conditions for the system (2) follow from the properties of density functions and have the form
Note that for an arbitrary function d(x, y|u, v) the system (2) can be solved numerically. Substitution of p n (x) = e λx q n (x) into (2) and subsequent integration of the new system for q n (x) lead to Fredholm equations of the second kind with non-negative kernels, for which standard approaches are still feasible (for example, iteration with first iteration equal to zero). The only unknown probability left is the probability of the empty system p 0 , which can be computed from the normalization condition
is the stationary probability of n customers in the system. In some cases, which are relevant for practice (see the numerical section), one can easily compute some useful quantities from (2). Consider the following special case of the PLCFS-Re service policy. Let upon arrival of a new customer its service time u and the (remaining) service time v of the customer in server (if any) be regenerated independently of u and v (i.e. independently of how long the customer has been already served) according to B(x) (i.e. d(x, y|u, v) = b(x)b(y)). Then the system (2) can be simplified to the following form:
Remarks to the solution of this system remain the same as to the system (2). But here one is able to find the explicit expression for the mean number of customers in the system without finding all the unknown functions p n (x). Indeed, if one introduces the generating function
then, if one treats z as a parameter, the solution of the system (3) in terms of π(z, x) can be written in the form 
Stationary sojourn time
As one is unable to use the Little's law without the prior check for the considered system, we now dwell on the stationary sojourn time distribution. Denote by χ(s) the LST of the customer's sojourn time and by u(s) the LST of the system's busy period.
For the sake of simplicity we will consider only the special case of the PLCFS-Re service policy when d(x, y|u, v) = b(x)b(y), because this allows one to obtain most of the expressions in explicit form. The general case of d(x, y|u, v) can be handled in a similar manner, yet the LST χ(s) and u(s) can be obtained only as solutions of certain functional equations.
Following again the approach from Meykhanadzhyan et al. (2014) and using the properties of the PLCFS-Re service policy one can verify that the LST of the busy period u(s) satisfies the equation
and its appropriate solution has the form
It can be verified that the busy period is finite with probability 1 (i.e. u(0) = 1) if and only if β(λ) > 1/2 and the mean length of the busy period −β (0) is finite if and only if 1/2 < β(λ) < 1. Denote by ψ(s) the LST of the total time which the customer spends in service once it enters server (this includes all possible re-generations of its service time). Using the first step analysis it can be shown that ψ(s) satisfies the equation
and thus has the form
Remembering that customers from the queue are served according to LCFS order then, using the law of total probability, one obtains the following expression for the LST χ(s) of the customer's sojourn time distribution:
Further computation of the mean and higher moments (if they exist) of the stationary sojourn time is straightforward.
NUMERICAL RESULTS
In this section we demonstrate through numerical examples that in certain cases PLCFS-Re service policy is able to eliminate job-size estimation errors and produce good upper bounds for values of the mean sojourn time that are seen in the system with true job-sizes. In order to be able to make comparisons we assumed that the true job sizes (service times), say S , have a Weibull distribution with the shape parameter k and the scale parameter α. Notice that such assumption is justified by the empirical measurements (see, for example, Dell'Amico et al. (2015) and references therein). Here we present results both for long-tailed and light-tailed service time distributions achieved by varying only the shape parameter k. The values of the scale parameter α were always set to guarantee that the true mean service time E(S ) is equal to 1.
In the experiments we used the assumption, which has already been adopted in a number of recent papers on the topic (see Dell'Amico (2013); Dell'Amico et al. (2015)), when the job-size estimation error, say X, is log-normally distributed with zero mean and variance σ 2 and a job, having true size S , is estimated asŜ = S X. Denote by B(x) the cumulative distribution of the random variablê S . The mean E(Ŝ ) of the distribution is always greater that 1 and as σ grows the sizes of the jobs are biased towards overestimating. According to the specification of the PLCFS-Re service policy (see Section 2), in order to use it one has to specify the function d (x, y|u, v) . The flexibility of the definition of d(x, y|u, v) gives a plenty of choices but we will choose probably the most simple one. Let d(x, y|u, v) = b(x)b(y) i.e. the service time of the newly arriving customer and the (remaining) service time of the customer in server (if any) are re-generated independently of their current values. Then the value of v PLCFS−Re is equal to −χ (0), which can be computed using (5). Notice that being defined in such a way, this policy is completely memoryless and not work conserving.
In Fig. 1, Fig. 2, Fig. 3 and Fig. 4 one can see the relationship between the values of v PLCFS−Re , v PS and true mean sojourn time v * PS . Along the x-axis one shows the values of load λE(S ) = λ in the system without estimation errors. The values of mean sojourn time are given along the y-axis.
From Fig. 1 one can see that if the shape parameter is k = 1 (i.e. the true service time distribution is exponential) then v * PS < v PLCFS−Re < v PS over the whole range of load values. In the presence of errors v PLCFS−Re provides a good upper bound for the true mean sojourn time v * PS under PS policy. Another interesting observation from Fig. 1 is the following. If one fixes the arrival rate, say λ = 0.9, then starting from a certain value of σ, one is already unable to compute v PS because system's load exceeds 1 (in case σ = 1 and λ = 0.9 system's load is ≈ 1.48). But the value v PLCFS−Re still can be computed and provides a good upper bound for the true value v * PS . Thus sometimes PLCFS-Re policy allows one to make estimations of the true values of mean sojourn time for wider ranges of system's load. Almost similar dynamics can be observed for higher values of k (see Fig. 2 ). As the tail of the true service time distribution becomes heavier the situation changes. From Fig. 3 one can see that for k = 0.9 in the presence of errors the inequal- Qualitatively the above observations are valid for FCFS and SPLCFS policies as well (see Fig. 5 for SPLCFS policy). From Fig. 1-4 one can observe that for some values of k and σ the inequalities v * PS < v PLCFS−Re < v PS are held and for others are not. More thorough study has revealed that these inequalities also depend on the value of λ (see Fig. 6 ).
According to our experiments the PLCFS-Re policy can provide good upper bounds for the true values of the mean sojourn time only if the service time distribu- 
The absence of the bar for the values of λ, σ and k indicates that PLCFS-Re policy is worse than PS. For the ease of presentation it is assumed that λ, σ and k take only discrete values (with step 0.1). We note that not the full range of possible values of λ, σ and k is displayed. tion B(x) is long-tailed and thus exhibits more or less the mass-count disparity 3 . If one chooses the joint ratio and median-to-median distance 4 as a characterisation of the service time distribution B(x) then from Table 1 it can be seen that PLCFS-Re policy is useful (i.e. guarantees that v * PS < v PLCFS−Re < v PS ) whenever the joint ratio is approximately less than 32. But even for joint ratio < 32 the PLCFS-Re policy can underestimate the values of the true mean sojourn time, because there is also a dependency on the values of λ (see Fig. 6 ).
As the mass-count disparity becomes stronger (i.e. the tail of the service time distribution becomes more pronounced) PLCFS-Re policy with D(x, y|u, v) = B(x)B(y) provides very bad (highly underestimated) values of the true mean sojourn time for all three policies PS, SPLCFS and FCFS. But simple changes in the definition of the function D(x, y|u, v) allow one to broaden the the range of values k, σ and λ for which PLCFS-Re policy is good. For example, fix M > 0 and let the d(x, y|u, v) be equal to
3 A small number of samples account for the majority of mass, whereas all small samples together only account for negligible mass. 4 Joint ratio is the generalization of the Pareto principle: p% of customers account for (100-p)% of the service time, and (100-p)% of service times account for p% of customers. Median-to-median distance is the result of the division of the median of the mass distribution by the median of count distribution. See, for example, (Feitelson, 2015, Chapter 5) . where δ(x) is the Dirac delta function. According to 
CONCLUSION
The function d(x, y|u, v), governing the PLCFS-Re service policy, presents a sort of control over the system. Indeed, the solution of the system (2) For each combination of system's initial parameters one has to compare the values manually. But in the experiments we have observed such properties as linear order (with respect to the policies) and monotonicity with respect to initial parameters. Even though the considered model can be considered as oversimplified, it allows one to reach the problem from an analytic point of view.
In the presence of long-tailed distributions, which complicate the simulation experiments, this can be seen as an advantage. We see the following further directions of research: searching for the best form of the function d(x, y|u, v); checking the feasibility of the proposed approach for other performance characteristics (such as variance of the mean sojourn time) and multi-server systems; evaluation of PLCFS-Re service policy when other approach for modelling of job's inaccurate size is used (as discussed in Tsafrir et al. (2005) ). 
